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11. INTRODUCTION

When an incident sound wave impinges an object,
it is reflected and scattered. Prediction of the scattered
sound field, given the properties of the scattering
object insonified by a known incident wave, is an
important issue both in theoretical studies and in
applications [1]. In principle, the scattered sound field
may be computed by solving the governing wave equa�
tion. However, rigorous analytical solution of the wave
equation is hardly possible, except for a few ideal cases
such as liquid spheres [2] and simple cylinders [3].
Numerical approaches are often sought to treat vari�
ous practical problems.

Frequently used numerical approaches include the
finite element method/boundary element method
(FEM/BEM) [4, 5] and the finite�difference time�
domain method (FDTD) [6, 7]. These methods divide
the field into grids and generally mean heavy compu�
tation loads. Instead of FEM and FDTD, it is possible
to use the Fourier diffraction theorem (FDT) to treat
the scattering problem in a different perspective from
its conventional use for solving inverse problems such
as diffraction tomography [8]. A fast algorithm has
been developed using the FDT framework, in which
the first�order Born approximation is used to solve the

1  The article is published in the original.

Helmholtz equation [9, 10]. The first�order approxi�
mation limits the usage of the algorithm to weak scat�
tering cases in which the acoustic impedance of the
scattering object is not significantly different from that
of the surrounding water. For example, the first�order
method is applicable to scattering from squid, jellyfish,
and various zooplanktons in the ocean.

A series of research have been done to improve
accuracy of scattering prediction and expand the
scope of applications. For example, Iwata et al.
improve the accuracy by taking into consideration the
difference in density and sound speed of the scattering
object [11]. Jones et al. introduce the distorted wave
Born approximation (DWBA) to treat squid. They
model the squid as a cylindrical shell filled with liquid
[12]. Saha et al. improve the Born approximation by
correcting the wave number inside the object accord�
ing to its sound speed [13]. The second�order Born
approximation has been considered in treating an
inverse problem, i.e., acoustical tomography, by Lu
et al. They apply a first�order integral operator to the
angular spectrum of the scattered wave, or a second�
order integral operator to that of the incident wave, to
improve tomographic resolution [14].

In this paper, we show that, with the FDT�based
framework for fast prediction of scattering fields, the
second�order Born approximation can be imple�
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mented. Following a brief description of the FDT�
based approach, we propose a method to incorporate
the second approximation into the algorithm, and
show effectiveness of the method by numerical com�
putation. Shear waves are not considered in the
present work, and therefore the scattering objects are
of the fluid nature.

2. FOURIER DIFFRACTION THEOREM 
AND FIRST BORN APPROXIMATION 

IN SOUND SCATTERING PREDICTION

Consider a 2D scattering problem in which an infi�
nitely long cylinder with an arbitrarily shaped cross�
section immersed in water is insonified by a plane
sound wave propagating perpendicularly to the cylin�
der’s axis, see Fig. 1. Assume that densities of the scat�
tering object and the water are ρ1 and ρ0, and their
sound velocities c1 and c0, respectively. Let ϕ and θ be
the angles of incidence and scattering, respectively. In
Fig. 1, the incidence is in the positive x direction, i.e.,
ϕ = 0. The vector r = (x, y) represents the field loca�
tion, and r' = (x', y') is on the source of the scattered
waves, i.e., on the scattering object.

Denote the distribution of acoustical properties of
the object and the surrounding medium as o(r). If the
object is made of a homogeneous material, o(r) may be
viewed as a binary image with its values equal to

 inside the object, and zero in the water.
In case of weak scattering, the scattered sound field
can be obtained by solving the Helmholtz equation
under the first�order Born approximation [15]:

(1)

Note that the total field p = ps + pi in the integrand is
replaced with the incident field pi. If the incident
sound wave is in a direction that forms an angle ϕ with
the x axis,

c0
2
/c1

2 r( ) 1–[ ]

ps r( ) o r '( )pi r '( )g r r'( )dr ' ps  � pi .,∫≈

(2)

Without loss of generality, we will assume ϕ = 0 in the
following discussion:

(3)

Taking into account the different wave number and
density inside the scattering object, the first�order
solution of the scattered wave is [16]

(4)

The constants γκ and γρ are related to the contrast of
the density ρ and compressibility κ = 1/(ρc2) inside
and outside the scattering object:

(5)

Both γκ and γρ are zero outside the object.
The Green’s function g(r|r') in the expressions is a

zero�order Hankel function of the first kind, whose
far�field approximation can be expressed as

(6)

where r = {r, θ}.
Substituting the incident wave (3) and the Green’s

function (6) into (4), the far�field scattered sound
pressure can be written as

(7)

where f [1](θ) is the directional pattern of the first�
order scattered sound field:

(8)

Here O(⋅) is 2D Fourier transform of the function o(r).
Equations (7) and (8) indicate that the scattered sound
field can be obtained by sampling the Fourier trans�
form of the object’s cross�sectional image on a circle
centered at (–k0, 0) and with a radius k0. If we sample
the circle at an angular interval of 1°, we can obtain the
following vector of the first�order directional pattern:

(9)

where

(10)

The above discussion forms the basis of a fast algo�
rithm for scattered sound prediction under the first�
order Born approximation. The sampling locus is
shown in Fig. 2 by the solid circle in the Fourier trans�
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Fig. 1. Two�dimensional sound scattering with the direc�
tion of incidence ϕ = 0°.



ACOUSTICAL PHYSICS  Vol. 60  No. 4  2014

FAST PREDICTION OF SCATTERED SOUND FIELD 381

form domain. If the incident angle ϕ is not zero, the
sampling circle will rotate around the origin. For
example, the three dashed circles in the figure corre�
spond to ϕ = π/2, π and 3π/2, respectively.

3. SECOND�ORDER BORN APPROXIMATION 
IN THE FDT FRAMEWORK

In Eq. (1), the scattered sound pressure is omitted
in the integrand to give the first approximation. The
omission will cause a noticeable error when the
object’s acoustic impedance gradually departs from
that of the water. Kak [15] suggests improving accu�
racy by adding the contribution of the scattered sound
of the first approximation to obtain the second
approximation:

(11)

The superscripts in the parentheses represent the
orders of approximation. This can further be general�
ized to produce the (n + 1)th approximation:

(12)

Alternatively, by expressing the scattering contribu�
tions of various orders separately,

(13)

where (r) is calculated using Eq. (4). The pressure
with a superscript [n] in square brackets (n > 1) repre�
sents an increment of the scattered wave of the nth
order, rather than the entire scattered field. Thus,

(14)

The interpretation of Eq. (13) is based on the Huygens
principle: each point in the object produces a scattered
field proportional to the scattering potential at the site
of the scatterer.

The above proposition is attractive, but an algo�
rithm for implementation is not available. We now
show that, in the framework of the Fourier diffraction
theorem approach and using the corresponding fast
algorithm, the second order approximation can easily
be implemented to achieve improved accuracy.

It is observed from (13) that the second�order
approximation is achieved by adding to the first�order

approximation  an incremental, or correc�

tional, term  which can be calculated in the

same way as described in Section 2 as if  is a sec�
ondary incident wave. Note that, unlike pi(r), the first�
order scattering waves are in all directions and with the
strength proportional to the angular pattern f [1](θ).
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Substitute  given by (4) into (13) with n = 1, and
integrate over the entire field to obtain the second�
order increment to the first�order scattered wave, or
the correction term of the second order:

(15)

Here the first�order scattered waves act as the inci�
dence of the second order.

Since the scattered waves originate from the object,
according to [12] and [17], the exponential term of the
secondary incident waves that generate the higher�
order scattering is exp[jk0(1 + α)x] = exp(jk1x) rather
than exp(jk0x), where α is deviation of the object
material’s refraction index with respect to water,

(16)

Thus the second�order increment to the first�order

scattered wave  can be obtained. To find the

directional pattern f [2](θ[2]) of , we first calculate
the contribution of the first�order scattered wave in the
direction of θ[1] and within an angular interval δθ[1]:

(17)
where
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Fig. 2. Sampling circles in the Fourier domain with the
incident angle being 0, π/2, π and 3π/2.
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and

(19)

For the derivation of the directional pattern of the sec�
ond�order correction, see Appendix A.

Let δθ[1] = 2π/M, and sum up over all directions θ[1]

to get the second�order correction to the first�order
result in any scattering direction:

h θ 1[ ]( ) O k1 θ 1[ ]cos k1– k1 θ 1[ ]sin,( ).=

(20)

Here we have omitted the superscript of θ that repre�
sents the direction of the second�order scattering. The
entire directional pattern of the second�order correc�
tion term can be obtained by calculating f [2](θ) of dif�
ferent scattering angles θ and then summing them up.
Considering M directions, the directional pattern can
be evaluated in the following matrix form:

(21)
where h is a column vector:

(22)

Considering the second�order term in an angular
interval of 1° as in the first�order case, G is a 360�by�
M matrix:

(23)

where gm are column vectors:
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Vector gm represents the contribution of the first�
order scattering in the mth sector with an angular
width δθ = 2π/M.

Similar to (9), f[2] is a 360�element vector:

(25)

Thus, the final directional pattern of the scattered
sound field under the second�order Born approxima�
tion is obtained:

(26)

4. ALGORITHM FOR IMPLEMENTATION

According to the foregoing discussion, an algo�
rithm of fast scattering prediction based on the Fourier
diffraction theorem and second�order Born approxi�
mation, given the wave number of the incident plane
wave k0 and the scattering object, can be summarized
as follows.

(1) Define a rectangular area enclosing the scatter�
ing object, and divide it into grids with the grid size
sufficiently smaller than the wavelength, say, less than
λ/10. The rectangular area including the object and
the surrounding medium (water) can be viewed as a

f 2[ ]
f 2[ ] 0( ) f 2[ ] 1( ) ⋅⋅⋅ f 2[ ] d( ) ⋅⋅⋅ f 2[ ] 359( )

T
.=

f f 1[ ] f 2[ ]
.+=

digital image o(i, j) whose pixel values equal

 inside the object and 0 outside, see
Fig. 3.

(2) Calculate the two�dimensional FFT of the
image to give its spectrum O(u, v). The jaggy edges of
the object due to coarse sampling in the space domain
introduce artifacts into the transform domain, seri�
ously affecting the accuracy of scattering prediction. A
method of repeated interpolation�smoothing�deci�
mation operations [18] is used to reduce jaggedness
and improve quality of the spectrum.

(3) The first�order scattering solution f[1] is
obtained by sampling the solid circle in the transform
domain, as shown in Fig. 2, at an angular interval of 1°.

(4) Divide the first�order scattering solution into
M sectors, each having an angular width of 2π/M.

(5) Find the contribution of each sector of the first�
order scattering to the second�order correction term.
For the mth sector, as the angle of incidence is 2πm/M,
the sampling circle is centered at (–k1cos2πm/M,
⎯k1sin2πm/M), with radius k1, as shown in Fig. 4.
Sample a total of M such circles at 1° intervals, each
producing a 360�element vector as a component of f[2].

c0
2
/c1

2 r( ) 1–[ ]

c0
2
/c1

2
r( ) 1–[ ]

0

Fig. 3. Image representing the object and its surrounding
medium.
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(6) Sum up the M contributions to produce a
vector f[2], which is the second�order correction to the
scattering.

(7) Obtain the directional pattern of the scattered
sound under the second�order Born approximation
according to (26).

5. NUMERICAL COMPUTATION RESULTS

We consider an infinitely long circular cylinder, and
a plane sound wave incident in a direction perpendic�
ular to the axis. Parameters used in the numerical
computation are listed in table. Two groups of the cyl�
inder’s material are studied: softer than water and
harder than water, with the ratios between the cylinder
material’s density and that of water, D = ρ1/ρ0, and
between the sound speeds, S = c1/c0, ranging from 0.85
to 0.99, and from 1.01 to 1.20, respectively. Therefore,
the ρc ratio under consideration ranges from 0.72 to
1.44.

Figures 5 and 6 give the computation results. They
are directional patterns of scattered sound pressure
normalized to 1 for θ = 0, with both D and S being
0.85, 0.90 and 0.99 for softer materials, and 1.01, 1.10
and 1.20 for harder materials, respectively. The vertical
axes are drawn to the logarithmic scale. For each
material, three k0R values, 3, 5 and 10 are used. In the
plots, the thick lines are the second�order Born
approximation results, which are compared with
the first�order approximation in thin lines, and the
rigorous analytical results in dashed lines. The analyt�
ical results are obtained using the solutions given in
[3].

It is observed from the plots that, when the acoustic
impedance of the cylinder is near that of water, both
the first� and second�order approximation results are
close to the analytical solution. When the acoustic
impedance of the cylinder departs from that of water,
errors of the first�order approximation become large,
even intolerable, as the first�order approximation is
only applicable to weak scattering, while the second�
order approximation always provides better results.

6. CONCLUSIONS

By using the Fourier diffraction theorem in a
reversed manner with respect to diffraction tomogra�
phy, we can solve a forward problem in acoustics: pre�
diction of the scattered sound field from a known inci�
dent wave and the geometry and physical properties of
the scattering object. The reversed application of FDT
offers a significant advantage in computation effi�
ciency compared to the popular lattice�based numeri�
cal methods, typically FEM/BEM and FDTD. As no
space�demanding grids and time�consuming itera�
tions are needed, and fast Fourier transform can be
used, substantial reduction in the computation burden
is achieved. This makes the FDT�based framework
potentially suitable for many applications.

Under the first�order Born approximation, how�
ever, the FDT�based method can only provide usable
results for scattering objects with acoustical imped�
ance very close to that of the surrounding medium. To
improve accuracy and overcome the weak scattering
limitation, we propose to improve the FDT�based
method by considering the second�order Born
approximation. We have shown that by treating
the first�order scattered waves as secondary

θ = 2πm/M

ky

k1

kx

Secondary incidence
contributed by the 
1st order scattering

Fig. 4. Sampling circle for the second�order correction
component contributed by the mth first�order scattering,
with the center at (–k1cos2πm/M, –k1sin2πm/M).

Parameters of the scattering cylinder and the incident sound

Item Symbol Unit Value

Frequency of sound f0 Hz 1500

Sound speed in water c0 m/s 1500

Wave number k0 = 2πf0/c0 rad/m 6.28

Density of water ρ0 kg/m3 1027

Size of sampling grid δ m 0.1

Side of the square area a m 12.8

k0R where R is radius
of cylinder

k0R = 2πR/λ – 3–10

Ratio of densities 
between cylinder and 
water

D – 0.85–1.20

Ratio of sound speed 
between cylinder and 
water

S – 0.85–1.20
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incident sources, and using the same transform�
domain sampling technique as in the first�order case,
Kak’s proposition of higher�order solution by itera�
tion is conveniently implemented. The obtained cor�
rection term is added to the first�order solution, lead�
ing to better prediction of sound scattering. It has been
shown that the prediction accuracy is improved, and
the range of applicable ρc ratios has effectively
exceeded the weak scattering limitation. For example,
based on the first�order approximation, sound scatter�
ing from squid with the ρc ratio less than 1.1 was stud�
ied in [12]. Using the second�order approximation in

the FDT�based approach proposed in this paper, the
applicable range of the ρc ratio is at least 0.72⎯1.44
when k0R < 10.

It should be noted that, even with the second�order
approximation, the method will still not work for
strong scatterers. Introduction of third�order correc�
tion increases computation time significantly with lit�
tle advantage as compared to the second�order results.
Therefore further research is required for more
improvements. Also, shear waves in the object need to
be considered to make the FDT�based approach
applicable to a wider scope of applications.
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Fig. 5. Directional patterns of sound waves scattered from cylinder softer than water: (a) D = 0.99 and S = 0.99, with k0R = 3, 5
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APPENDIX

Here we give derivation of (17)–(19), the direc�
tional pattern of the second�order correction contrib�
uted by the first�order scattering in the direction θ[1].
As discussed in Section 3, by substituting the first�

order scattered wave into (13), the second�order cor�
rection to the first�order scattered wave (15) is

(A1)

The exponential term in the secondary incidence is
exp[jk0(1 + α)x] = exp(jk1x) [12, 17], and the Green’s
functions are

(A2)

Here, plane wave expansion of g(r'|r'') is [19]

(A3)

where  Thus the first term in (A1) can
be expanded as follows:

(A4)

Since scattering is outgoing, the contour goes above
the pole K = –k1 and below K = +k1, as shown in
Fig. A. Thus, there is only one pole inside the contour,

and the integral in (A4) can be worked out using the
residue theorem:

(A5)

Since

(A6)

with ϕ = 0, the dot products of two gradients in the
second term of (A1) can be simplified:

(A7)

Therefore, the contribution of the first�order scatter�

ing in the direction θ[1] to the directional pattern of the

second�order increment is obtained by combining

(A4), (A5) and (A7):

(A8)
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